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1. Introduction to Small x Physics

High energy limit of scattering amplitudes in perturbative QCD:

¢
!

s >> |t .Q?
as(Q?) << 1

Large logarithms in s compensate small as: aslns ~ 1
All orders resummation in multi-Regge kinematics: LL BFKL (70’s)

wv@vw

99

tl Y ~1Ins N
- ?Jl,kl ‘

ki ~ kit1 9
NG

Y2, ke Vi << Yit1

Yn, kn C\f? fOY dyl nyl dy2 foyn_l dyn ~ (Ozsn—%')n




New Effective degrees of freedom:

1.

Introduction to Small x Physics

Reggeized gluons in the t—channel

DNV (37 q2) —

*Juv
—_— 1 =
q2

S0

( s )w(qQ) —— Gluon Trajectory

Effective Vertex for s—channel real emission
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1. Introduction to Small x Physics

S

) ®x(ks)f (ka,kb,Y — In —)
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1. Introduction to Small x Physics

1
00 w k2 T2 in6
f (ka7 kb7 Y) ~ Zn_—oo 2_7rz € v f 274 ( ) w—wn (&s,7)

wn = [ d*TK (/2, Cf) (%)7_1 e'"? =
s (20(1) — 0 (v + 21 — v (1 -y + 21))
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n = 0 dominates Cross Sections: Saddle point @ v = % +iv ..

Large s behaviour: |0 ~ s™ | A = O‘STNCZLIHZ ~ 0.5 for as = 0.2.

HARD or LL. BFKLL. POMERON intercept




1. Introduction to Small x Physics

Why Small x Physics?: Connexion to DIS and evolution equations: x ~ %2

7




1. Introduction to Small x Physics

Singlet BFKL (Hard Pomeron): A bound state of two Reggeized gluons:
,0f(aky) _ / P’k (K*k—-q) + Kk (k' —q)" —q*(k - k)’
dasy) ) (k — k")’k2(k — q)°
— |In(k*) — In((k — a)*)] f(a, k)

Express momenta in complex plane: ¢ = gz + iqy, q" + gz — iqy:

) f(a, k', y)

of(q.q" k. k*, dk'dk’™* ([ (k™ (k — o)* (k' — q) + h.c. o
5010, y):/ (( (k—q)* (k' — q) ))f(q’q,k,k )

O(asy) (k= E)[2[k[2|(k = q)?

— [In(|&*) = In(|(k = @)[*)] fa:4" kK, y)
Fourier transform into impact parameters z; and zo

r * * dkdk*d d * 1 *—(zl_ZQ) .c.) i(qg* 22 .C. * *
f(21,21722,22ay):/ (27r)(31 1 itk 7 the)gila” 5 +h )f(q,q kKT y)
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1. Introduction to Small x Physics

e qe . . of(z 27 ,29,25, - ~
Schrodinger-like equation: f(z1 by 2:%2,8) _ Hiaf (21,27, 22,25,9)

Holomorphic separability: Hi > = Hi 2 + Hi 2 with

Hio = —% (ln((?zl) + (82y) 'In(z1 — 22)0z, + 21 <> 22 — 2\11(1))

~

¢(Zlv ZI, 22 2';7 y) — X(zla 22 y))Z(Zik, ZS) y)a with X5 X eigenfunctions of H7H

s = 0 Mdbius invariance of H,H (translation and inversion)

8

Hio=—— <1n(zfaz1) + (82,) ' In ((Zl — z2)> 0., + 21 <> 22 — 2\11(1)>

2 Z122

Hiz=-2(¥(1+J)+ ¥(=J)—2¥(1)) with J(J + 1) = —(21 — 22)%0:, 02,




1. Introduction to Small x Physics

The amplitude for the exchange of N reggeized gluons in the large N,

limit is equivalent to the spin s = 0 limit of the Heisenberg ferromagnet.

Described by the BKP equation.




Drawbacks of LL approximation:

1.

Introduction to Small x Physics

e Intercept is too large when compared with experiment

® o, is a fixed constant

® 5o is arbitrary

e Diffusion of internal momenta into the infrared region.
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1. Introduction to Small x Physics

To run the coupling & fix the energy scale in Y:

quasi-multiRegge kinematics

Y1, K1 k; ~ Kit1

y2at2 Yi << Yit1
3,3 Y2 ~ Y3

Yn, Kn

NLL BFKL Equation: (asY)" + as(asY)"

d’k, dzk
/ b ka (I)B(kb)f (kaakva)

53129 (ky — kp) +/d2+26k K (Ka, k) fu (k, ks)







2. Iterative view of the BFKL equation

In dimension regularisation the equation reads

ofekeke) = 8% ko~ k) + [ K (k) o (K )

with kernel

K (ka, k) = 20" (k2) 62%%9 (ko — k) + K7 (ka, k)

k = k' — k, shift and split the kernel:

wfw (kaa kb) — 5(2+26) (ka — kb) + /d2+26k2w(6) (ki) 5(2+26) (ka — k) fw (ka kb)

+ / Pk KL (Ko, ka 4+ K) fo (ka + k, kp) + /dzk Kr (Ka,ka + k) fu (ka + k, ko)

To cancel the e poles split the integral over k; space for IC,,(ne) using a phase
space slicing parameter A ...




2. Iterative view of the BFKL equation

A appears in the e-dependent real emission:

wfu (Ka, k) = 6729 (ko — ko) + / k2w (k2) 6%4%) (ko — k) fur (k, ks)

+ / kKL (Ko, ka + k) (0 (K2 =A%) + 6 (3 —k?)) fo (ka + k, k)

+ / PR, (ko ko + k) fuo (ko + k, kp)

fw (ko + k,kp) ~ fo (kq, ks) for |k| < A is valid for large |k, | & small A.

small

wio (ka, ko) = 6729 (k, — ks)

+ {2w(6) (k2) + /d2+2€k KL (ka,ka + k) 0 (3 — k?) } fu (Ka, ko)

~

+ / d* Tk {lc$,€> (Kas ka + k) 0 (k* = X*) + KCr (Ka, ka + k)} fu (ko + Kk, kp)

What about the € poles? ...




2. Iterative view of the BFKL equation

Bo (1
Nc G—Q—I—IH /1/2
284
9 N,
Bo= LN, — Zny, @, = 209N ¢ the TS scal
0o = 3 c 3'n;f,a3_ g , 18 c SCale.

Integrating e-dependent real emission ...

The gluon Regge trajectory reads

as I'(1 —¢€)
{1+ 4  (4m)e

We can now combine these two results ...




2. Iterative view of the BFKL equation

K (Ko, k) = 2w (ko) 63129 (k, — k) + K (Ka, k)

Regularise the gluon Regge trajectory as

@ = iy

2 4

2 _
—&s{lnq —I—Ojf [60 lnq—ln H

A2 IN, A2 22

Very simple!:




2. Iterative view of the BFKL equation

The NLL BFKL equation then reads

(w—wx (ka)) fu (kay ko) = % (ka —ks)

mk?2

+/d2k (g(k )9(k2 — ) + K, (ka,ka+k)> o (ko + k, kp)

where ¢ (X) Bo _ f]—i In %)

c ©

In this notation:

q2 dk2 0
wir(q) = —/}\2 55 (k)—|—constant

Ensuring the A—independence of the equation...




2. Iterative view of the BFKL equation

The equation can be iterated using the initial condition:

2 (Ko, ko + k1) 6 (ko + ki — k)
w — wx (ka) w— wx (ke + k1)

0 (k, — k
fw (kaykb) — ( b) —I—/d2k1

w— wx (ka)

—|—/d2k1’€i\ (kayka‘l_kl)

w— wi (ka)

1, K2 (ko + ki, ka + ki + k) 3 (ko + ki + ko — ko)
: w — wx (ko + ki) w — w (ka + k1 + k2)

and Mellin transform back into energy space:

a-+100
f(kavkbaY) — L dw GWwa (kaakb)
271

a—100




2. Iterative view of the BFKL equation

.. the NLL BFKL gluon Green’s function reads

f(ka,kb,Y) _ e(w/\(ka)Y) { 5(2)(ka _ kb)

L

n=1 =1

with Yo = Y.




2. Iterative view of the BFKL equation

The LL limit agrees with

and the solution is very simple

kel y) = (5) {50k

ki — \?)

ST [

n=1 1=1
/yi—l dy. (ka + Z;;i kl)2
o \(ka+ D ki)

=1




2. Iterative view of the BFKL equation

5
5

+ NLL + NLL

x LL, iterative x LL, iterative

f(k,,30,3)[GeV
f(k,,30,5)[GeV

—LL, analytic _ : —LL, analytic

S




2. Iterative view of the BFKL equation
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2. Iterative view of the BFKL equation
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2. Iterative view of the BFKL equation

Angular correlations can be studied:

—0.008[

<cos(0)>

0 1 2 3 4 5 6 7

ko = 25 GeV, k, = 30 GeV.




2.

Iterative view of the BFKL equation

Momentum transfer ¢g#0: Diffractive events with Rapidity Gaps

LL analysis:

wi(ka,q)

S(kaa k, Q)

f(ka,5,q,Y)[GeV ]

0.25

©
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i
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2. Iterative view of the BFKL equation

Diffusion into the infrared is cut—off by the momentum transfer, typical

transverse momenta:
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2. Iterative view of the BFKL equation

Non—forward NLL BFKL kernel can be studied in the same way ...

— O /80 kg)\2 k?t -2
{aS—I—Z N, In i :|}ln——|—3C(3)aS

)\2

The remaining parts of the kernel are a bit more complicated ...
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3. Short range correlations

Forward case: Behaviour for small/large ’Z—Z ratios:

f(k30,10)[GeV ]

[ [

=} o,
T IIIIIII| T III;'IIII
I 1 LIl

’
o

Collinear/Anticollinear limits: Oscillations

What is happening?




3. Short range correlations

e Gluon trajectory w (kg) e Emission kernel K, (kg, k)

which can be expanded in perturbation theory

K(ka,k) = 2{o""(K2) +w™" (K2) +--}6? (ko — k)
+ K" (Ko, k) + K" (Ko, k) + - - -

What can we do analytically?

as (L)X ()}

2
AN,  p?

Scale invariant

}Running Coupling




3. Short range correlations

Let’s introduce a separation in rapidity space

We don’t allow two emissions to have very similar rapidity

ki ~ kiy1
Yi << Yi+1

Yi+1 —Yi > b

Y y1—b Yn—1—0b
n s
ozs/ dy1/ dyz.../ dyn N( XO(’Y) '
0 0 0 n:

It should match NLL accuracy ...




3. Short range correlations

It also solves the problem of the double maxima ...

for values of the veto b ~ 2.




3. Short range correlations

A brief remark: It serves as a reasonable estimate of higher order corrections
in Balitsky—Kovchegov eqn for color dipoles ...

2 — 2
dN(XOl,Y) _ d“xo *sXg1

[2N(xg2,Y) — N(xg1,Y) — N(xg2, Y)N(x12,Y)]

2 2
dyY 27 xole2

[
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4. A look at renormalization—group

improved equation




4. A look at renormalization—group improved equation

Forward case: Behaviour for small/large ’,‘;—‘Z ratios:

f(k.30,10)[GeV ]
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Collinear/Anticollinear limits: Oscillations




4. A look at renormalization—group improved equation

ki 4 v

ke + Y0k — — kat+ >,
o

AW 1 ((ka Y kz)2>

o\ (ke + X0 k)

2




4. A look at renormalization—group improved equation

The double maxima generate oscillations in k; space:

10) [GeV?]
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4. A look at renormalization—group improved equation

Origin of the oscillations: xg(v) = as 2¥1) - ¥ (v) — ¥ (1 — 7))

fN/(kaSkb)w (%) - wiwxﬁv) :/(é

In collinear limit v ~ 0: w(vy) ~

41
a?+

_ _9 oo
as Qg (2n)!

Not allowed by DGLAP. Only the second one cancelled by NLL kernel.
The remaining terms are numerically large.

Proposal: x0°" (v) = xo (’Y + %)

w /1L2\ V"3 w /1L2\ 3
) ka dw dry B i) ka dw dry
b k; w—xo(7+ %) ka k; w — Xxo(7)

Collinear limit free from unphysical double logs.




4. A look at renormalization—group improved equation

/d2qle(q1,q2) < : 4 )> (q—2> o as (q1) xo (7) + a@zx1 (7)

g3

s (g

Renormalization—group—improved kernel:

w = ag (1+(a+ %) as> (2¢(1)—¢(7—|—§—b&3)—¢(1—7+§—b&3))

+ & (Xl (v) + (éxo (7) —b> (’WW) +' (1 - 7)) - (a+ %

Is there a simple representation in k;—rapidity space?




4. A look at renormalization—group improved equation

Main idea: the solution to

W= Qs (2¢( )‘¢(’7‘|‘%> _¢(1_7+g)>

at small coupling can be approximated very well by

1 =
/ ;ﬁvx { ($7_1 + 58_7) lic;; J1 (\/2543 In? x) — 2043}
0




4. A look at renormalization—group improved equation




1/2+iv,a=0.2)

w(y=

4. A look at renormalization—group improved equation

0-9(+) - (1-2+)

2005
@ J1 (\/2@3 In? x) — 200,

In? z

Bessel

Bessel

o
IS

=1/2, a)

w (Y

o
[N




4. A look at renormalization—group improved equation

Including all terms and matching at NLL: No v/w mixing, v = w(+)

(s +aa?)""

—MT

asxo(y) + a2x1(v)

All poles




4. A look at renormalization—group improved equation

_2)n+1

i _2 2n) (as +a‘a
asXO(/Y)—I_aSXl + ZZ an' )' (/y—|—m—b5és

)2n—|—1

m=0 n=0

w Shift
All poles All poles

)
N
o
I —
e} O
> o
- =
+
N
~
—

w(y=
w (Y




4. A look at renormalization—group improved equation

Modification of original kernel is to remove the term — 2

in the real emission kernel, I, (q, k), and replace it with

1 q> *k—q 2 (s +aa?) ~ B

J 2 (s s

(q — k)2 (kz) \ 12 (ﬁ) 1 (as +aa
k:2

J1 <\/2as ln Z— )

2
J1 20 In? 4 ~
k? 2~ 112 [ 42
T2 In (k—2>

This generates a good collinear behaviour ...
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4. A look at renormalization—group improved equation

Leadin'g Order'

Bessel Resummation




4. A look at renormalization—group improved equation

The effect of the rapidity veto and the collinear resummation is similar:

ase” 0 {(1 — asA)29(1) — Y(v + w/2+asB') — Y(1 — v+ w/2 + &sB")]

1
+as [Xl(’?) + bxo(v)2 + <5xo(7) + B') (' (V) + 9 (1 —~) + Axo(v)} }







5. Azimuthal angles in Mueller—Navelet jets

YV ~ | faes
V33

/_—<\
¢




do
d?q1d? >

The gluon Green’s function

f (6’17(72,Y)

carries the dependence on Y.

with normalization

can be written as

. Azimuthal angles in Mueller—Navelet jets




5. Azimuthal angles in Mueller—Navelet jets

e 1 2\V=3 _ind
Basis: (q] v,n) = —7 (q ) > e,
As Y increases the azimuthal angle dependence is driven by the kernel.
This is the reason why we use the LO jet vertices which are much
simpler than the NLO. The differential cross section in the azimuthal

angle ¢ = 01 — 05 — m, where 6, are the angles of the two tagged jets, is

dé (s, Y,pl ) Z né

N 75 R —

Y

2 v
dv (p1> ex(|n|,%+iv,5zs(p1p2))Y

oo (3 12) \P3

asxo (n,7) + @ (Xl (n,7) = 8?\070 f?fn—?)) |




5. Azimuthal angles in Mueller—Navelet jets

C,, are not evaluated at the saddle point, but obtained by a numerical
integration over the full range of v. The LO kernel, K, has eigenvalue

xomy) = M -v(r+5)-v(1-v+5),
The eigenvalue of the scale invariant NLO sector is

x1(n,v) = Sxo(n,v)+ gC(i%) - 86\0[ Xo (1,7)

v+ 5) e (1= + ) —26 () - 20 (01— )]

2 2

7% cos () n s
4sin? (my) (1 — 2) { [3 " (1 T NS

ny 7(1—7) 2
-(1+5%) 2(3—2'7)(1+27)5”}’

4

) 2+3vﬂ—7)]50
B=2y)(1+2y)] "




5. Azimuthal angles in Mueller—Navelet jets

The full cross section corresponds to the integration over the azimuthal
angle and it only depends on the n = 0 component:

7r3o7§

24/ p?p?

We are interested in distributions sensitive to higher conformal spins.

a- (asa Yap%,Q)

Co (Y).

The average of the cosine of the azimuthal angle times an integer
projects out the contribution from each of these angular components:.

Cm (Y)

(cos (mg)) oY)

The associated ratios

(cos(m@)) _ Cu (Y)
(cos (ng)) C (V)

can be used to remove the uncertainty associated to the n =0

component.




5. Azimuthal angles in Mueller—Navelet jets

All angular components together are present in the normalized
differential cross section:

1 Z ein¢% — ;}r{l+QZCOS(n¢)<COS(N¢)>}.

n—-—oo n=1

As we have seen before the BFKL resummation presents an instability
at NLO. Our observables are very dependent on the renormalization
scheme. The term proportional to xo in x; can be removed by a shift:

2N,

A — AGB = AM_Se Bo

MS
Convergence can be improved demanding compatibility with
renormalization group evolution to all orders in the DIS limit,

introducing a shift in the anomalous dimension. So far these types of

resummations have been performed for a BFKL kernel averaged over the
azimuthal angle and only affect the zero conformal spin. We now study
the convergence of the eigenvalues for all angular components.




5. Azimuthal angles in Mueller—Navelet jets

First we extract the poles at v = —

1
Xo 1,7y n Yo
R )

x1 (n,7) I
1 9 n -
THE (v+3)

S—~ +50Hn+8(¢

4N,

50 ( ) B 4762 ( m )
36 N3 1800 N3’
BO 50 ( 52

SN, 2 nt g N3)+@

51 (1 %)
24 N3

» stands for the harmonic number ¥ (n + 1) —




5. Azimuthal angles in Mueller—Navelet jets

We use the resummation scheme:

[n]

&3(1+An643){2¢(1)—¢<’y—|—7-|— 5 + Bn as)

v (oG gen, “S>}+a?{x1<|n|,v>— o xo(n7)

2 2 8N.v(1—1)

_AnxO(nm) + (w ( %) o ( y |v2z|)) (XO(|"2%|,7) +Bn> }
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5. Azimuthal angles in Mueller—Navelet jets
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5. Azimuthal angles in Mueller—Navelet jets




Shift

LO
NLO £

Tesal

Azimuthal angles in Mueller—Navelet jets
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Azimuthal angles in Mueller—Navelet jets

5.




Azimuthal angles in Mueller—Navelet jets

All-poles .
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Azimuthal angles in Mueller—Navelet jets

All-poles - :
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Azimuthal angles in Mueller—Navelet jets

All-poles .
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Azimuthal angles in Mueller—Navelet jets

All-poles - :

=0.15)
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5. Azimuthal angles in Mueller—Navelet jets

All-poles - :




5. Azimuthal angles in Mueller—Navelet jets

Mueller and Navelet proposed this process as ideal to apply the BFKL
formalism and predicted a power—like rise for the cross section. However,
to realize this growth as a manifestation of multi-Regge kinematics is
very difficult since it is drastically damped by the behaviour of the
parton distribution functions for x — 1.

The D@ collaboration analyzed data taken at the Tevatron pp—collider

from two periods of measurement at different energies /s = 630 and
1800 GeV. From these they extracted an intercept of 1.65 & .07. This
rise is even faster than that predicted in the LO BFKL calculation
which for the kinematics relevant in the D{) experiment yields an

approximated value of 1.45.

It is safer to study quantities insensitive to the pdf’s ...




5. Azimuthal angles in Mueller—Navelet jets

1 2 3

(cos ) = C1/Cy at a pp collider with /s = 1.8 TeV for BFKL at LO
(solid) and NLO (dashed). The results from the resummation presented
in the text are shown as well (dash—dotted).




5. Azimuthal angles in Mueller—Navelet jets

(cos2¢) = C3/Cy at a pp collider with /s = 1.8 TeV for BFKL at LO
(solid) and NLO (dashed). The results from the resummation presented
in the text are shown as well (dash—dotted).




5. Azimuthal angles in Mueller—Navelet jets

(cos ¢) at LO comparing the MS renormalization scheme (solid) with the
GB scheme (dashed).




5. Azimuthal angles in Mueller—Navelet jets

Y

1 2 3 4 5 6

(cos ¢) at NLO comparing the MS renormalization scheme (solid) with
the GB scheme (dashed).




5. Azimuthal angles in Mueller—Navelet jets

12 3 4

(cos ¢) with a resummed kernel comparing the MS renormalization
scheme (solid) with the GB scheme (dashed).




5. Azimuthal angles in Mueller—Navelet jets

1 2 3 4 5 6

—<<Ccooss2f>> = g—j with LO (solid), NLO (dashed) and collinearly resummed

(dash-dotted) BFKL kernels.




5. Azimuthal angles in Mueller—Navelet jets

%% in a pp collider at 1/s=1.8 TeV using a LO (stars), NLO (squares)

and resummed (triangles) BFKL kernel. This plot is for Y = 1.




5. Azimuthal angles in Mueller—Navelet jets

1

%% in a pp collider at 1/s=1.8 TeV using a LO (stars), NLO (squares)

and resummed (triangles) BFKL kernel. This plot is for Y = 3.




5. Azimuthal angles in Mueller—Navelet jets

%% in a pp collider at 1/s=1.8 TeV using a LO (stars), NLO (squares)

and resummed (triangles) BFKL kernel. This plot is for Y = 5.




5. Azimuthal angles in Mueller—Navelet jets

Different ratios of the coefficients C,, obtained using a collinearly

resummed BFKL kernel. The gray band reflects the uncertainty in sg

and in the renormalization scale u.




5. Azimuthal angles in Mueller—Navelet jets

- |

%g—g for Y = 7. The gray band reflects the uncertainty in sg and in the

renormalization scale p.




5. Azimuthal angles in Mueller—Navelet jets
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%g—g for Y = 9. The gray band reflects the uncertainty in sg and in the

renormalization scale p.




5. Azimuthal angles in Mueller—Navelet jets

- |

%g—g for Y = 11. The gray band reflects the uncertainty in sg and in the

renormalization scale p.




